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ABSTRACT 
Rapid development of structural members requiring high damping possesses a big 
challenge to the designers. An extensive study on the dynamic behaviour of these 
structures is required in order to assess their damping capacity. This study further 
helps the designers to know the parameters affecting the dynamic characteristics of 
these members. Improvement of damping capacity is one of the vital characteristics 
for these structures. Usually, the structural members have inherently low damping 
capacity. The damping capacity of a structural member can be enhanced using various 
techniques such as; inserting visco-elastic layers in between two layers, 
manufacturing sandwich structures and layered jointed structures. The jointed 
structures usually provide adequate damping due to micro-slip and friction at the 
interfaces. Jointed structures are manufactured with the help of fasteners such as bolts, 
rivets or welds. The bolted structure gives maximum damping compared to the other 
fasteners. The main source of damping in bolted structures is the energy loss due to 
friction and micro-slip at the interface of two layers.  
The damping capacity of the jointed structures mainly depends upon a number of 
parameters; length of the beam, thickness ratio, tightening torque on the bolt, and 
number of layers etc. When a dynamic load is applied on a bolted layered beam, it 
vibrates with some amplitude of excitation at a particular frequency of vibration and 
the damping in this type of structure is achieved by the energy dissipation. It is 
established that 90% of energy dissipation in jointed structure takes place due to 
micro-slip at the interfaces.     
In the present work energy approach has been used to evaluate the damping capacity 
of structures.  Euler-Bernoulli beam theory has been applied as the dimensions of the 
test specimens satisfy the criterion of thin beam theory.  A theoretical equation has 
been derived to evaluate the damping capacity of the jointed cantilever structures. An 
experimental set-up has been developed and experiments are conducted with a large 
number of specimens under different vibrating conditions to authenticate the theory 
developed. The logarithmic decrement technique has been used for measuring the 
damping capacity of the structures with the help of a digital storage oscilloscope. The 
experimental results are compared with the corresponding theoretical ones and useful 
conclusions have been drawn from both the results accordingly. 
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CHAPTER-1 
INTRODUCTION 
1.1 Background 
In every machine structures vibration is an undesirable effect. To minimize this effect, 
research is going on throughout the globe by increasing the damping capacity of these 
structures. Due to uncontrolled vibration, internal stresses are generated in the 
structures, which result in their premature failure. With the rapid growth and 
development of the engineering structures, various works have been reported on the 
improvement of damping capacity of these structures for controlling the disastrous 
effects of vibrations. In order to reduce the vibration effects and enhance the damping 
characteristics, machines are made lighter and fabricated in layers instead of 
monolithic structures. Structures are assembled by various techniques and fabricated 
as jointed, welded, sandwich structures etc. The jointed structures are manufactured 
with the help of fasteners such as bolts and rivets etc.  
The study of structural dynamics is very essential to predict the damping under 
different vibration conditions. In almost all machines vibration is kept as low as 
possible. Whenever a structural member is excited with some frequency, and in the 
event of natural frequency of the external force coinciding with any one of the natural 
frequencies of the structure, a situation called “resonance” occurs. This resonance 
creates an undesirable vibration causing failure in most of the structural members. 
Presently low weight structures are used in many structural applications. In order to 
improve the damping capacity of structures, special design techniques such as 
structural members of visco-elastic layers, multi-layered sandwich, high elastic inserts 
in the parent material, layered structures jointed with bolts, welds and rivets etc. are 
normally used in actual practice. 
When two layers of a structure are joined together, relative slip occurs at the interface 
which results in friction. Due to this friction energy is dissipated thereby increasing 
the damping capacity of the system. In built-up structures, joints play significant role 
in arising this friction due to interface slip between the layers. Beards [34] has 
established that 90% of damping in fabricated structure is due to joints only. By 
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proper designing, system damping characteristics can be improved significantly in 
jointed structures.  
The energy dissipation in jointed structures is influenced by many vital parameters 
such as; interface pressure, tightening torque, coefficient of friction, relative dynamic 
slip, length and thickness ratio of beam layers, amplitude and frequency of vibration 
etc. 
1.2 Motivation 
Almost all built-up structures are fastened with the help of bolts, rivets and welds. 
Due to these fasteners interface pressure exists between the two layers of beam. This 
interface pressure is maximum at the surface of the joint and gradually decreases 
towards the far end of the influence zone. The shape of the interface pressure profile 
is parabolic in nature thus depicting the non-uniform nature of interface pressure. 
Many works related to the bolted and riveted joints with non-uniform interface 
pressure has been reported till date but a little amount of work has been done on the 
bolted structure with uniform intensity of pressure at the interfaces. Improvement in 
damping capacity of built-up structures fabricated with welded and riveted joints is 
not so much pronounced as compared to the structures fabricated with bolted joints 
[1]. 
For the improvement of damping capacity of the structures the bolted joint is found to 
be the proper option, then the riveted and welded joints. As we know from the earlier 
studies that though the fundamentals of damping mechanism is same in both bolted 
and riveted joints, they differ from each other in different aspects. In case of bolted 
joints the preloaded pressure can be varied by varying the tightening torque but in 
case of riveted joint it is a fixed quantity. The interface pressure and spacing between 
the two consecutive fasteners are different in both the cases. Hence, the damping 
capacity for both the structures is different.  
The present work focuses in developing the theory of damping mechanism in bolted 
multi-layered beam structures using classical energy approach with both non-uniform 
and uniform pressure at the interface considering different thickness ratio.  
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1.3 Beam theories 
In a dynamic structure beam is one of the elementary object. In various structural 
member beams play a vital role in the construction of various parts such as in bridges, 
body of robots, aerospace rotor blades and other aerospace components, towers, 
machine structures, etc. These beam structures are classified by their cross-section 
area, length and materials used etc. According to their cross-section it is classified in 
to thick and thin beam. To study the dynamic characteristics of the beam element two 
types of theories are adopted;  
(i) Euler-Bernoulli beam theory. 
(ii) Timoshenko beam theory, 
Various dynamic behaviour of the beam structure can be analyzed using the above 
two theories. Thin and thick beams are analyzed with the help of Euler-Bernoulli 
beam theory and Timoshenko beam theory respectively. In the present work the 
theory of thin beam, i. e., the Euler-Bernoulli beam theory is used as the width of the 
beam is less than one tenth of its length. Moreover, the beam is excited to vibrate at 
low natural frequency. 
1.4 Outlines of the thesis 
The research presented in this thesis gives a framework on the study of the damping 
capacity and its enhancement in bolted jointed structures due to energy dissipation by 
joint friction and dynamic micro-slip at the interface. The investigation as outlined in 
this thesis is broadly divided into seven chapters. The thesis work is outlined as 
follows; 
Chapter 1:  This chapter gives a brief introduction to the thesis work and summarizes 
the importance, motivation of the present investigation.  
Chapter 2: This chapter contains a detailed relevant literature review on various 
aspects of vibration analysis of layered and jointed structures. Most of the earlier and 
present vital researches carried out by various scientists have been represented in 
details. This chapter is divided into different sections emphasizing; types of damping, 
mechanisms of damping, various vibration terminologies and techniques used for 
improving the damping.  
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Chapter 3: This chapter elaborates a complete description of the theoretical analysis 
by classical energy approach considering dynamic slip ratio for determining the 
damping capacity in bolted cantilever beams. The theoretical expression for the 
uniform pressure distribution has been found out by considering the different layers in 
perfect contact. This interface pressure distribution has been further applied to 
estimate the logarithmic damping decrement for layered beams with unequal 
thickness ratios as well as for multi-layered bolted beams.  
Chapter 4: This chapter outlines the details of the experimental set-up, 
instrumentation, sample preparation and different testing methods for the 
measurement of damping. In actual practice, the experimental measurement of 
logarithmic damping decrement becomes necessary because of the fact that the 
theoretically computed damping capacity of a structure may be different from that of 
the actual values due to assumptions made in the theoretical analysis. Damping of 
these structures has been experimentally measured in terms of logarithmic decrement 
using the time signals with the help of storage oscilloscope. Experimental results for 
different set of layered and bolted mild steel specimens have been compared with the 
corresponding numerical values obtained in chapter-3 for establishing the authenticity 
of the theory developed. These comparative results are presented in graphical and 
tabular forms in the successive chapters. 
Chapter 5: This chapter elaborates the detailed discussions on the results obtained 
from the theoretical and experimental analysis as outlined in chapters 3-4.  
Chapter 6: This chapter summarizes the important conclusions drawn from the 
observations discussed in the chapter 5 along with some suggestions for applying the 
present work in various fields of real applications. This chapter also contains the 
scope for further research work. 
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CHAPTER-2 
LITRETURE REVIEW 
2.1 Introduction 
All most all the dynamic structures are subjected to obscure vibrating conditions. This 
vibration may create many undesirable effects on the structural element. To reduce 
the effect of vibration and enhance the damping property of the dynamic structures 
various techniques such as; jointed structures with fasteners like bolt, rivet and weld, 
inclusion of visco-elastic layers and multi-layered sandwich structure, elastic inserts 
are applied. A lot of work has been done on bolted jointed structures with non-
uniform interface pressure between the two layers of the beam but a few amount of 
work has been reported on uniform pressure at the interface of the beam. The 
damping of the structures with uniform intensity of interface pressure has been 
reported to be more compared to that of the non-uniform pressure distribution.  The 
present chapter elaborates the detailed literature surveys on earlier and present 
research works on bolted cantilever beams. 
2.2 Vibration and damping 
Most of the engineering structures possess inherently low damping properties causing 
the unpredicted failure of the structural members. The vibration creates many 
undesirable effects in the dynamic system which is minimized due to presence of 
damping. It reduces the amplitude of vibration by dissipating the vibration energy in 
the form of friction between the two layers of system. For the proper design and 
operation of a dynamic system the exhaustive study of the damping is very essential. 
In some cases damping is intentionally reduced, such as tuning fork, musical 
instruments, loudspeaker, vibratory conveyers, and compactors. But in most of the 
machine structures damping is increased to reduce the chances of fatigue failure.  
The damping is further divided into three types, such as, 
(i) Material damping 
(ii) Structural damping  
(iii) Fluid damping 
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2.2.1 Material damping 
Material damping is also known as internal damping. Energy dissipation in material 
damping occurs at molecular level. Micro structure defects are the main cause of 
energy dissipation. The thermo elastic effect, eddy current effect and dislocation 
motion in metals occur in material damping. The magnitude of material damping in 
structural members is less. So, some structural materials, like iron, steel, or aluminum 
are having less damping capacity than Ferro-magnetic materials and alloys of 
magnesium and cobalt. 
2.2.2 Structural damping  
Structural damping occurs at the joints present in the structure. Structural damping is 
the result of the mechanical-energy dissipation caused by rubbing friction initiating 
from relative motion between components of the structural members. Structural 
damping is also classified into three types, such as, 
(1) Support damping  
(2) Damping due to sandwich construction  
(3) Damping due to joints 
2.2.3 Fluid damping 
Fluid damping may arise from the structure and the fluid surrounding it. Structural 
damping is related to the properties of the structure itself, where the fluid damping is 
due to viscous dissipation and fluid drag, i.e., it is the result of viscous shearing of the 
fluid at the surface of the structure and of flow separation.  
2.3 Measurement of structural damping 
Energy dissipation in structural damping caused due to the rubbing or impacting can 
be represented by Coulomb-friction model. There are two types of vibration such as 
natural vibration and forced vibration. In natural vibration the system is allowed to 
vibrate at one or more natural frequency and then gradually damped down to zero 
amplitude. In forced vibration an additional force or motion is applied to a mechanical 
system.  
There are two methods used in measurement of the damping of a structure. Such as, 
time response and frequency response. In time response, the response of the system is 
represented as time domain and in frequency response, the system is expressed as 
frequency domain respectively. The use of the above two methods depends on the 
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mathematical model of the system. Using the time domain method logarithmic 
decrement δ is determined and in frequency domain method the quality factor Q is 
determined. Whereas, the other nomenclatures such as; damping ratio ζ, loss factor η 
and specific damping capacity ψ are estimated from either of the above two methods 
for measuring the damping [7]. 
 2.3.1 Logarithmic decrement (δ) 
Logarithmic damping decrement plays a vital role to find-out the damping capacity of 
a dynamically loaded structure. It is generally used in time response method. The 
different factors that influence the logarithmic damping decrement are dynamic slip 
and interface pressure at the contacting surfaces. The logarithmic damping decrement, 
δ, is usually expressed as,    
1
1
1 l n
n
a
n a
δ
+
 
=  
 
 
where, a1 is amplitude of vibration at certain time and an+1 is the amplitude of 
vibration after elapse of n cycles. 
2.3.2 Damping ratio 
The damping can also be measured by measuring the damping ratio which gradually 
reduces oscillation with time in a harmonic system. When a cantilever beam is 
vibrated with a natural frequency; its amplitude of vibration reduces to zero after 
some time. Due to the friction at the joints the energy loss occurs in the system. It is 
observed that the amplitude of vibration decays more rapidly as the value of the 
damping ratio increases as shown in Fig 2.1 below.  
 
Fig.2.1 Free vibration damping system 
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To characterize the amount of damping in a system, a ratio called the damping ratio 
(also known as damping factor) is used. This damping ratio is just a ratio of the actual 
damping over the amount of damping required to reach critical damping. The formula 
for the damping ratio (ζ) of the mass spring damper model is: 
                                              
2
c
km
ζ =  
where, c, k and m are the damping constant, system stiffness and mass, respectively. 
The damping ratio is dimensionless, being the ratio between two coefficients of 
identical units.  
2.3.3 Specific damping capacity (ψ) 
Specific damping capacity, ψ, is the ratio between energy dissipated due to the 
relative dynamic slip at the interfaces and the total energy introduced into the system 
and is found to be;  
( ) [ ]1 1loss loss ne ne lossE E E E Eψ  = + = +   
where, Eloss and Ene are the total energy loss due to interface friction and the total 
energy introduced in to the system, respectively.  
2.4 Improvement of damping capacity of structures 
The structural members inherently possess low damping characteristic. For the 
enhancement of the damping ratio in a system various measures has been adopted by 
the technologists. To increase the damping capacity some external energy dissipating 
sources are incorporated in to the dynamic system. Some of the techniques used are, 
(i)  Use of unconstrained and constrained visco-elastic layers 
(ii)  Use of special high damping inserts 
(iii) Use of layered and jointed constructions 
2.4.1 Use of unconstrained and constrained visco-elastic layers 
2.4.1.1 Unconstrained layer or external damping  
A visco-elastic material possesses both viscous and elastic characteristic. Some of the 
energy stored in a visco-elastic system is recovered upon the removal of the load and 
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the remainder is dissipated in the form of heat. Visco-elastic damping is also known 
as passive damping. 
The unconstrained damping is also called as extensional damping of a structure. In 
this technique the damping material is applied over the entire surface of the structure. 
It is one of the simplest forms of visco-elastic material applications as shown in Fig 
2.2. 
 
Fig.2.2 An un-constrained-layer damping system 
In this the viscoelastic layer is applied to the whole surface of the structure with the 
help of a bonding material. When the layer is subjected to alternate extension and 
compression, then the elastic layer to which it is bonded experiences flexural 
vibrations. It is widely applied to finished material structures like automobile bodies, 
ship hulls, and aerospace industry. 
       2.4.1.2 Constrained-layer Damping 
 
Fig.2.3 A constrained-layer damping system 
In constrained-layer damping the visco-elastic layer is sandwiched between two layers 
of the structure with a thin layer of high damping material. When the base structure is 
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subjected to a dynamic load, the damping layer also tends to be loaded with shear 
strain thereby dissipating energy. The constrained layer damping is used in aerospace, 
missile structure, building, bridges and ship engines. Cyclic damping produced in thin 
layers of dissipative material placed between two rigid surfaces is increased with the 
decrease of adhesive layer thickness. 
2.4.2 Use of special high damping inserts 
The damping capacity of a dynamically loaded structural member is increased by 
inserting special high damping inserts. These special inserts can be attached with the 
help of welding or press fit process. It has been observed that the damping capacity of 
aluminium cantilever strips can be increased by using high damping inserts of 
different materials, such as, Cast Iron, Bakelite and Perspex. It has been found that the 
damping capacity of welded inserts is less than that of damping characteristics of 
press fit inserts.   
2.4.3 Use of layered and jointed constructions 
Layered and jointed mechanical structure is one of the most useful structure in which 
damping is high due to the presence of joints in the member. It has been established 
that the welded structure possesses less damping compared to that of the bolted or 
riveted jointed structure. The total damping is much more than the sum of the material 
damping of individual elements of the structure. The damping in a beam like structure 
is increased by fabricating a metal in layered bolted structure rather than solid 
structure. In layered structure interfacial slip occurs between the layers of the 
structure. There energy loss occurs at the interfaces only due to interfacial slip and 
friction between the layers. This type of jointed structures is widely used in the 
construction of bridges, frames, gas turbines and aerospace parts etc. The present 
research work is mainly focused on layered and jointed structures so as to increase the 
damping capacity of the system. A detailed literature study on the layered and 
interfacial jointed damping is presented in the succeeding section. 
2.5 Review of literature on jointed structures 
With the rapid change in structural engineering material design, the enhancement of 
damping has become the most challenging subject for the present researchers. Most of 
the monolithic structures possess poor damping making it unsuitable for engineering 
applications. A lot of research is going on around the globe to improve the damping 
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capacity of structures using different techniques. A number of techniques used for the 
enhancement of damping in structural members are inserting visco-elastic layers, 
multi-layered sandwich, high elastic inserts in the parent material, layered structures 
jointed with bolts, welds and rivets etc. Damping in built-up structures mainly occurs 
from two types of sources such as, internal damping or material damping which is 
very low as compared to the other one structural damping [9,18]. Structural damping 
is the damping which is produced due to the joints present in the system. It is 
established that the bolted and riveted joints are the fasteners which contribute about 
90% of the damping to the built-up structures [3, 5, 35, 42]. Damping properties of 
bolted structures can be enhanced by changing the thickness ratio of the beams and 
also by changing the diameter of the bolts. The damping capacity can also be 
enhanced by manufacturing the product in layered structure. However, the attention 
has to be focused on the orientation and spacing of the connecting bolts to increase 
the damping capacity. It is established that the joints usually exhibit two types of 
motions; micro-slip and macro-slip [15, 21, 30]. With the application of low external 
force, slip occurs at the interfaces. This type of slip is called as micro-slip. Most of the 
dynamic structures are excited with low amplitude of excitation. If the structures are 
applied with high amplitude of excitation, then the type of slip occurs is called macro-
slip which may damage the structural member without dissipating energy and 
reducing the life of the structure. A lot of research has been done by various engineers 
till now related to micro-slip in jointed structures and enhancement of damping 
capacity by the theory of micro-slip [18]. Many researchers [23, 29] have utilized the 
micro-slip concept considering the friction surface as an elastic body. As established 
[2] the bolted and other mechanical joints are the major source of energy dissipation 
which increases the damping in the jointed structures. 
Earlier researchers [29, 34, 39] have carried out extensive work on the bolted joints 
assuming uniform intensity of pressure distribution at the interfaces of the layered 
structures without considering the effects of surface irregularities and asperities. A lot 
of work has been done on the pattern and intensity of pressure distribution at the 
interfaces of bolted joints and the damping characteristics of jointed structures [6, 13, 
14, 20, 26, 27, 44, 46, 48].  
Although lot of research has been done on damping capacity of bolted beams with 
equal thickness ratio and non-uniform pressure at the interface, few amount of work 
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has been reported relating to bolted beam with unequal thickness ratio and uniform 
pressure at the interface. The present work in this thesis is based on the investigation 
of damping capacity of the beam structures with bolted joints having unequal 
thickness ratio and uniform pressure at the interface. Also the energy dissipation in 
this system occurs due to the micro-slip and friction present at the interface. 
Some researchers [12, 40] have established that the micro-slip at the contacting 
surfaces occur when an optimal frictional load is applied on the structure. They have 
also investigated a model for micro-slip between the flat smooth and rough surfaces 
covered with ellipsoidal elastic bodies. This shows that the role of micro-slip and 
friction are of supreme importance in controlling the dynamic characteristics of 
engineering structures. The friction may be undesirable or desirable depending on the 
type of applications. Friction is often considered damaging in nature in the design of 
moving parts. On the other hand, this is desirable in fabricated structures for effective 
energy dissipation. The friction at the bolted layers originates when the consecutive 
layers experience relative movement under low amplitude loading of transverse 
vibration. The Coulomb’s law of friction is widely used to represent the dry friction at 
the contacting surfaces. The friction in a joint arises from shearing between the parts 
and is governed by the torque on the bolt, surface properties and type of materials in 
contact [16]. 
The steady state response of a simple friction-damped system with combined 
Coulomb and viscous friction problem has been analytically solved by Den Hartog 
[12]. Many engineers have presented in their review that micro-slip and friction in 
structural joints is regarded as the main source of energy dissipation and enhances the 
damping capacity of the system [13, 17, 45]. 
As discussed earlier, structural damping offers a large amount of energy dissipation 
due to the presence of micro-slip and interface shear of the joint. It is thus established 
that the jointed and layered structure contributes highest damping capacity to all 
fabricated structures. 
Various factors that affect the damping capacity of the structures are interface 
pressure, diameter of bolt, length and thickness ratio of the beam, etc. The nature of 
pressure distribution across a beam layer is an important feature affecting the damping 
capacity of jointed structures. Many engineers have tried over the years to find-out the 
actual pattern of pressure distribution at the interfaces due to the clamping action by 
the fasteners. Earlier, some researchers have idealized the joints by assuming a 
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uniform pressure profile without considering the effects of surface irregularities and 
asperities [38, 40, 47]. Later on many authors [19, 26, 44, 48, 50] have conducted 
experiments to ascertain the exact pressure distribution characteristics. These 
experiments have confirmed that the interface pressure is not uniform in actual 
pattern. 
Gould and Mikic [19] and Ziada and Abd [50], have shown that the pressure 
distribution at the interfaces of a bolted joint is not uniform but parabolic in nature. 
This interface pressure exists on an influence zone in the form of a circle with 3.5 
times the diameter of the connecting bolt which is independent of the tightening load 
applied on it as shown in Fig 3.3. 
Further work has been reported by Nanda and Behera [36] on the distribution pattern 
of the interface pressure where they have evaluated the damping capacity of layered 
and jointed structures in bolted joints. They developed a theoretical solution for the 
pressure distribution at the interfaces of a bolted joint by curve fitting the earlier data 
reported by Ziada and Abd [50]. They obtained an eighth order polynomial even 
function in terms of normalized radial distance from the centre of the bolt such that 
the function assumes its maximum value at the centre of the bolt and gradually 
decreases away from the bolt diameter surface. Dunn’s curve fitting software was 
used by them to calculate the exact spacing between the consecutive bolts that would 
result in a uniform interfacial pressure distribution along the entire length of the beam. 
Using exact spacing of 2.00211 times the diameter of the connecting bolts, Nanda and 
Behera [36] have investigated the damping capacity of a beam structure having 
uniform interface pressure over the length of the beam.  
Later, Nanda [37] has shown the distribution pattern of the interface pressure and 
evaluated the damping capacity of layered and jointed structures in bolted joints and 
established that the number of layers, diameter of the bolts and the relative spacing 
between the connecting bolts play major roles on the damping capacity of these 
structures. Researchers [4, 25, 49] has investigated the influence of joint tightness; 
joint spacing and surface finish on the energy dissipation and found that the energy 
dissipation rate depends on the magnitude of normal force between the connecting 
members. 
Recently Damisa et al. [11] have carried out an investigation to study the effect of 
non-uniform pressure distribution on the mechanism of slip damping in layered 
beams, but their analysis is limited to static load. Later, they have extended their 
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analysis to realistic dynamic loading for estimating the interfacial slip damping in 
clamped layered beams [32]. They have shown that under dynamic loading, the 
factors like non-uniform pressure distribution as well as frequency variation affects 
significantly on both the energy dissipation and logarithmic decrement which are 
associated with the mechanism of slip damping in layered structures. They have 
further reported that the amount of energy dissipation through slip damping under 
externally applied dynamic load is less than that of the corresponding static load. 
Olunloyo et al. [10] have used other forms of pressure distributions such as 
polynomial or hyperbolic representations but the results obtained have demonstrated 
that the effects of such distributions in comparison with the linear profile are largely 
incremental in nature.  
There are various methods available to estimate the contact pressure between two 
layers of the structure. The measurement of almost real contact pressure without 
changing the characteristics of the contact surface by using ultrasonic waves has 
produced fair results using a normal probe is found to be the best technique [22, 31].  
Earlier, some researchers have established the relation between the amplitude of 
excitation and damping capacity; with increase in amplitude of excitation the 
logarithmic decrement also increases [24].   
Minakuchi et al. [31] have also used angle probe to find out the contact pressure 
between two layered beams of different thicknesses by establishing a relationship 
between the mean contact pressure and sound pressure of reflected waves. This 
method is widely accepted, as the experimental results fairly agree with the theoretical 
ones. The present investigation uses the numerical data of Minakuchi et al. [31] to 
obtain the theoretical equation for non-uniform and uniform pressure at the interfaces 
of a jointed beam by using MATLAB software for fitting the pressure curves.  
All the previous research deals with the beams of equal thickness ratio whereas the 
objective of the present work is to evaluate theoretically the damping capacity of the 
bolted cantilever beam with unequal thickness ratio under non-uniform and uniform 
intensity of pressure distribution at the interfaces and compare it with experimental 
results for validating the theory developed by using energy approach. 
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                                                                                               CHAPTER-3 
THEORETICAL ANALYSIS BY CLASSICAL ENERGY 
APPROACH   
3.1 Introduction 
It is established from the previous chapters that the joints are the major source of 
energy dissipation in built-up structures. The damping in jointed structure is due to the 
frictional energy loss occurring at the interfaces of the layers. The damping capacity 
of the jointed structure can be enhanced by manufacturing layered structure, varying 
the length of the specimen and tightening torque etc. The damping capacity is also 
governed by the factors, such as; intensity of pressure distribution, micro-slip and 
kinematic coefficient of friction at the interfaces etc. For accurate evaluation of 
energy loss and the damping capacity in jointed structures, all these parameters are to 
be considered. 
The current chapter presents a thorough description of the theoretical analysis by 
classical energy approach for determining the damping capacity in layered and bolted 
cantilever beams with unequal thickness ratio. The interface pressure curve between 
the two layers of beam is taken from Minakuchi [31] and evaluated using MATLAB 
software. Both non-uniform and uniform pressure is considered for the evaluation of 
the damping property.  
There are two types of beam models used in the vibration problems. They are Euler-
Bernoulli and Timoshenko models. The Timoshenko beam model takes into account 
shear deformation and rotational inertia effects, making it suitable for describing the 
behaviour of short beams, sandwich composite beams or beams subjected to high 
frequency of excitation. Euler-Bernoulli beam model is known as classical beam 
model. This model is used for calculating small deflections of beam. In the present 
work Euler-Bernoulli beam theory is used for the evaluation of the damping capacity 
of beam. 
The general assumptions taken for the analysis of the cantilever beam are; 
 Each layer of the beam undergoes the same transverse deflection. 
 The initial excitation at the free end of the beam is of small amplitude. 
 There is no macro-slip in the joint. 
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 The local mass of the joint area is not considered as significant in altering the 
behavior of the beam. 
 The circular holes for inserting bolts on the test specimens are completely 
filled by the bolts. 
 There is no displacement and rotation of the beam at the clamped end. 
 The Coulomb law of friction is used. 
 The material behaves linearly. 
 The deflections are small compared to the beam thickness. 
 The effects of rotary inertia and shear deformation are neglected. 
3.2 Dynamic equations of free transverse vibration of cantilever 
beam 
When a cantilever beam is subjected to some load at its free end, it undergoes free 
vibration with transverse displacement y(x, t). This transverse displaced beam is 
shown in Fig 3.1. In formulating the dynamic equations, Euler-Bernoulli beam theory 
is used on the assumptions that the rotation of the differential element is negligible 
compared to translation and the angular distortion due to shear is small in relation to 
bending deformation. This assumption is valid in the case when the ratio of the length 
of the beam to its depth is large. The present work is related to this type of 
investigation where a long beam is used. 
 
Fig.3.1 Free transverse vibration of a beam 
The beam vibration is governed by the partial differential equations in terms of two 
variables for space function x and time function t. Therefore, the governing 
differential equation for the free transverse vibration of a beam is represented by; 
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4 2
4 2
( , ) ( , ) 0y x t y x tE I A
x t
ρ∂ ∂+ =
∂ ∂
                                                   (3.1)                                       
 
where  E, I, ρ and A are modulus of elasticity, second moment of area, mass density 
and cross-sectional area of the beam, respectively.  
The free vibration given in Eq. (3.1) contains four spatial derivatives and therefore 
requires four boundary conditions for getting a solution. The presence of two time 
derivatives again requires two initial conditions, one for displacement and another for 
velocity. 
The above Eq. (3.1) is solved by method of separation of variables. The displacement 
( , )y x t is written as the product of two functions, i. e., one depends only on space 
function x and other depends only on time function t. Thus the solution is expressed 
as: 
( , ) ( ) ( )y x t X x T t= ×
                                                                                          (3.2) 
where, X(x) and T(t) are the space function and time function respectively. 
Putting Eq. (3.2) in Eq. (3.1), we get; 
4 2
4 2( ) ( )
X TE I T t A X x
x t
ρ∂ ∂= −
∂ ∂
                                                          (3.3) 
Dividing Eq. (3.3) by X (x)*T (t) on both sides, variables are separated as;  
2 4
2 4
2
( ) ( ) n
d T d X
d t E I d x
T t A X x
ω
ρ
 
 
 
= − =
                                                                    (3.4)
 
where the term  is the separation constant, representing the square of natural 
frequency.  
This equation gives two ordinary differential equations.  
The first one is given as; 
4
4
4 ( ) 0
d X X x
d x
λ  − = 
                                                                                    (3.5) 
 
where 
 
4 2
n
A
E I
ρλ ω=
                                                                                                   (3.5a)
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The required solution of Eq. (3.5) is simplified as; 
1 2 3 4( ) sin cos sinh coshX x A x A x A x A xλ λ λ λ= + + +
                                     (3.6)
 
where the constant A1, A2, A3 and A4 are determined from the boundary conditions of 
cantilever beam. 
The second equation is given as; 
2
2
2 ( ) 0n
d T T t
d t
ω
 
+ = 
 
                            (3.7) 
This is the free vibration expression for an un-damped single degree of freedom 
system having the solution 
5 6( ) c o s s inn nT t A t A tω ω= +                                                                        (3.8) 
Substituting the expression for space and time function as given by Eq. (3.6) and Eq. 
(3.8) into Eq. (3.2), the complete solution for the deflection of a beam at any section is 
expressed as; 
1 2 3 4 5 6( , ) ( sin cos sinh cosh ) ( cos sin )n ny x t A x A x A x A x A t A tλ λ λ λ ω ω= + + + × +                        (3.9) 
3.2.1 Evaluation of Constants A1, A2, A3 and A4 
The boundary conditions for the cantilever beam of the above Eq. (3.9) are given by; 
At the fixed end: ( 0 )0 , ( 0 ) 0 , 0 ;d Xx X
d x
= = =  
At the free end:  
2
2
( )
, 0d X lx l
d x
= =  
Writing the expression of space function as given in Eq. (3.6), its first derivatives are 
written as; 
1 2 3 4( ) ( sin cos sinh cosh )X x A x A x A x A xλ λ λ λ= + + +
                                      
(3.10) 
'
1 2 3 4( ) ( cos sin cosh sinh )X x A x A x A x A xλ λ λ λ λ= − + +
                           (3.11) 
Putting the above boundary conditions, Eq. (3.10) is reduced to; 
2 4(0) 0X A A= + =
                                                                                           (3.12a) 
1 3
(0) 0dX A A
dx
= + =
                                                                                        (3.12b) 
1 2 3 4( ) ( sin cos sinh cosh )X l A l A l A l A lλ λ λ λ= + + +
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2
2
1 2 3 42
2
1 2 3 42
( ) ( sin cos sinh cosh ) 0
( )
sin cos sinh cosh 0
d X l A l A l A l A l
dx
d X l A l A l A l A l
dx
λ λ λ λ λ
λ λ λ λ
= − − + + =
⇒ = − − + + =
                     (3.12c)  
 
3
3
1 2 3 43
3
1 2 3 43
( ) ( cos sin cosh sinh ) 0
( ) ( cos sin cosh sinh ) 0
d X l A l A l A l A l
dx
d X l A l A l A l A l
dx
λ λ λ λ λ
λ λ λ λ
= − + + + =
⇒ = − + + + =                     (3.12d) 
Eq. (3.12) can be rewritten in a compact matrix form as; 
 
1
2
3
4
0 1 0 1 0
1 0 1 0 0
sin cos sinh cosh 0
cos sin cosh sinh 0
A
A
Al l l l
Al l l l
λ λ λ λ
λ λ λ λ
    
    
     =
    
− −
    
−    
                                      (3.13) 
 
This vector equation can have a nonzero solution for the vector [A1 A2 A3 A4]T only if 
the determinant of the coefficient matrix becomes equal to zero, the characteristic 
equation is given as; 
0 1 0 1
1 0 1 0
0
sin cos sinh cosh
cos sin cosh sinh
l l l l
l l l l
λ λ λ λ
λ λ λ λ
 
 
 
=
 
− −
 
− 
 
 
cos .cosh 1l lλ λ⇒ = −
                                                                                              (3.14) 
This transcendental equation is the required condition for the co-efficient matrix to 
give a non-trivial solution and can be further used to determine the frequencies of 
vibration. The Eq. (3.13) can be expressed into four algebraic equations. The 
constants A2, A3, and A4 are dependent parameters and A1 is an independent parameter. 
A1 may have any value. Taking A1=1, the values of constants of A2, A3 and A4 are 
found as; 
 
2 3 4
sin sinh sin sinh
, 1,
cos cosh cos cosh
l l l lA A A
l l l l
λ λ λ λ
λ λ λ λ
+ +   
= = − = −   + +   
 
and 1 1A =
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Now space function given by Eq. (3.6) is modified as; 
sin sinh sin sinh( ) (sin cos sinh cosh )
cos cosh cos cosh
l l l lX x x x x x
l l l l
λ λ λ λλ λ λ λλ λ λ λ
+ +   
= + − −   + +   
 
( )(sin sinh )(cos cosh ) (cos cosh ) sin sinh( )
cos cosh
x x l l x x l l
X x
l l
λ λ λ λ λ λ λ λ
λ λ
− + + − +
=
+
 
This equation gives the different mode shapes of vibration. 
The free vibration given by Eq. (3.1) contains four spatial derivatives and hence 
requires four boundary conditions for getting a solution. The presence of two time 
derivatives again requires two initial conditions, one for the displacement and another 
for velocity. 
3.2.2. Evaluation of constants A5 and A6 
The general expression of deflection at any section of the beam as given in Eq. (3.9) is 
written as; 
( )5 6( , ) ( ) cos sinn ny x t X x A t A tω ω= × +                                                                    (3.15) 
Taking the derivative with respect to time, the above equation reduces to; 
( )5 6'( , ) ( ) sin cosn n n ny x t X x A t A tω ω ω ω= × − +
                                                         (3.16) 
The velocity of deflection at the free end of the beam is zero. 
i.e., '( ,0) 0y l =  which yields A6=0 
Hence Eq. (3.15) reduces to; 
( )5( , ) ( ) cos ny x t X x A tω= ×                                                                                        (3.17) 
The deflection at the end of the beam is taken equal to X(l) and substituting the same 
in Eq. (3.17), we obtain; 
5( , 0 ) ( )y l X l A= ×  
5
( , 0)
;( )
y lA
X l
=  
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Substituting the value of A5 in Eq. (3.17), the final equation for the deflection is found 
to be; 
( )( ,0)( , ) ( ) cos ;( ) n
y ly x t X x t
X l
ω
 
= ×  
 
                                                                             (3.18)
 
i.e., 
( )
(sin sinh )(cos cosh ) cos( , 0)( ) (cos cosh ) sin sinh ( ) cos cosh
n
x x l l ty ly x
x x l l X l l l
λ λ λ λ ω
λ λ λ λ λ λ
− + +   
=    
− + +  
 
3.3 Mechanism of micro slip 
As stated earlier in the literature review, the maximum energy dissipation caused in a 
jointed structure is due to the micro slip at the interfaces between the two layers. 
Therefore, the study should be focused on mechanism of micro slip for the correct 
assessment of the energy dissipation for accurate damping assessment. 
When the structural members are joined together with the help of fasteners and 
allowed for a small relative motion due to the application of a small transverse load, 
the slip takes place at the interfaces and is referred to as micro slip. This micro slip 
occurs over a small area of contact. The micro slip depends mainly on tightening 
force applied by the bolts. When the bolt is rigidly tightened, the structure behaves 
like a monolithic one. Moreover, when the fastener is kept less tight, the slip occurs 
over the entire surface of the structure and it is known as macro slip. The presence of 
this type of slip may cause the damage of the structure at the earlier stage. That is the 
reason for not considering it in the present work.  
As investigated by the researchers the interface pressure is not uniform in nature. It is 
maximum at the surface of the bolt hole and decreases parabolically with the distance 
away from the bolt. 
3.3.1 Determination of relative dynamic slip 
Relative dynamic slip is evaluated assuming that the bending stiffness and bending 
conditions are same for each beam of the bolted cantilever beam while vibrating. 
Moreover, each layer of the beam shows no extension of the neutral axis and no 
deformation of the cross-section. When the jointed cantilever beam is given an initial 
excitation at the free end, then the contacting surfaces undergo relative motion called 
micro-slip. This relative displacement u(x, t) at any distance x from the fixed end in 
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the absence of friction is equal to the sum of ∆u
1 
and ∆u
2 
as shown in Fig. 3.2 and at a 
particular position and time is given by Masuko et al. [29] as; 
( ) 1 2 1 2, ( ) tan[ ( , ) / ]u x t u u h h dy x t dx= ∆ + ∆ = +
                                                 (3.19) 
Whereas the actual dynamic slip ( , )ru x t is less than the relative dynamic slip 
( , )u x t due to the frictional energy loss and is given as, 
( ), ( , )ru x t u x tα=
                                                                                                   (3.20) 
where α is the dynamic slip ratio. 
 
Fig. 3.2 Mechanism of dynamic slip at the interfaces 
The maximum relative dynamic slip for non-uniform pressure under bolt has been 
reported by Mohanty and Nanda [33] and is given by; 
( ) 1 2, 1 / 2{ ( ) ( , 0)}rM sumu x t h h X y lα λ= +
                                                                 (3.21) 
where, 
1 2 1 2
1
1
1 2 1 2 1 2 1 2
1
1/ 2[{(cos cos( ) ) (cos( ) cos )
(sin sin( ) ) (sin sin( ) )} (sin cos( ) cos sin( ) ) ]
q
sum i i
i
q
i i
i
X l h h l h h l l
l h h l l h h l l h h l l h h l
λ λ λ λ
λ λ λ λ λ λ λ λ
=
−
=
= + + + −
− + + + + × + − +
Σ
Σ
  (3.21a)
 
Again it can be expressed for uniform pressure at the interface as given below; 
( ) 1 2 1 2, ( ) {( ) tan[ ( , ) / ]}ru x t u u h h dy x t dxα α= ∆ + ∆ = +
                                  (3.22) 
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3.4  Theoretical analysis for beam with non-uniform pressure 
distribution at the interfaces  
3.4.1 Pressure distribution at the jointed interfaces 
When a layered jointed structure is clamped together with the help of fasteners such 
as bolts, they come in contact at their interfaces. Under such circumstances, the 
interface pressure distribution profile takes a vital role for the calculation of damping 
capacity. 
 
Fig.3.3 Free body diagram of a bolted joint  
             showing the parabolic influence zone 
Moreover, it is very important to know the actual profile of interface pressure 
distribution and its magnitude along the beam surface for the actual assessment of the 
damping capacity in a jointed structure. This interface pressure originates due to the 
clamping action of the bolts to the cantilever beam structure. 
It has been established by the researchers in the previous chapter that when two or 
more members are clamped with the help of bolts, a circle of contact will be formed 
around the bolt head with a separation taking place at a certain distance from the bolt 
hole as shown in Fig. 3.3. 
Due to the tightening effect of the bolts on the cantilever beam the interface pressure 
is generated at the interfaces. The profile nature and magnitude of this interface 
pressure is very vital for the correct assessment of the vibration energy loss in the 
whole system.  
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It has been established in the previous chapter that the contact pressure at the interface 
is non-uniform in nature. It is maximum at the surface of the bolt hole and decreases 
with the distance away from the centre of the bolt hole. Gould and Mikic [19] and 
Ziada and Abd [50] have shown that the interface pressure influence zone is parabolic 
in nature and the influence zone is of a circle shape with 3.5 times the diameter of the 
connecting bolt which is independent of the tightening load applied on it. Again this 
has been shown by Minakuchi et al. [31] that the magnitude of interface pressure 
changes with the use of different thickness ratio of the beams. In the present 
investigation the pressure curve data of Minakuchi et al. [31] has been considered. 
3.4.1.1. Determination of Non-uniform pressure distribution at the interface 
The interface pressure distribution under each bolt for layered and jointed structures 
taken in a non-dimensional polynomial form is assumed as; 
10 8 6 4 2
1 2 3 4 5 6C C C C C C
s B B B B B
p R R R R R
R R R R Rσ
         
= + + + + +         
         
     (3.23)
 
where p, σS, R and RB are the interface pressure, surface stress on the jointed beam due 
to bolting, any radius within the influencing zone and radius of the connecting bolts, 
respectively. The surface stress σs depends upon the initial tension on the bolt (P) and 
the area under a bolt head (A’) and is evaluated from the relation σs=P/A’. The 
polynomial constants C1, C2, C3, C4, C5 and C6 are evaluated from the numerical data 
of Minakuchi et al. [31] using MATLAB software for different thickness ratios and 
are given in the Table-3.1 below. 
The above Eq. (3.23) is a tenth order even function. This signifies that pressure profile 
is alike on both the sides of the bolt along the cantilever length. Moreover, the 
pressure is a function of the distance from the centre of the bolts. The interface 
pressure is maximum at the centre of the hole and gradually decreases from the centre 
of hole. Damisa et al. [11] have used linear pressure profile in their analysis as an 
approximation. But a higher order polynomial for non-uniform and uniform interface 
pressure distribution has been used in the present investigation in order to obtain a 
good accuracy. 
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Table 3.1 Values of constants in pressure distribution function 
 
Polynomial 
constants 
Ratio h2/h1=1.0 Ratio h2/h1=1.5 Ratio h2/h1=2.0 
C1    1.4581e-06    -1.7372e-07     -7.4198e-08 
C2   -5.7952e-05      1.3988e-05   7.4508e-06  
C3    0.60446e-03     -0.45881e-03  -0.29801e-03  
C4    0.30853e-02      0.81702e-02   0.62165e-02  
C5   -0.95814e-01     -0.87733e-01  -0.74592e-01  
C6    0.53778e+00      0.48833e+00    0.46039e+00 
 
Table 3.2 Distance between centres of two consecutive bolts at different thickness 
ratios for non-uniform pressure at the interface 
 
Thickness ratio Ratio 
h2/h1=1.0 
Ratio 
h2/h1=1.5 
Ratio 
h2/h1=2.0 
Distance between 
consecutive bolts 
4.1*Dia.  
of bolt 
4.8*Dia.  
of bolt 
5.5*Dia.  
of bolt 
 
 
Fig.3.4 Variation of Pressure distribution (P/σ
s
) for different  
thickness ratio at different distance (R/R
B
) 
Table 3.1 gives the values of the polynomial constants are different for different 
thickness ratios of the layered beams. This signifies that the pressure distribution 
varies and depends upon the thickness ratio of the layered beam. Again Table 3.2 
shows the values of the distance between the centres of the consecutive bolts are 
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different for different thickness ratios for layered beams for non-uniform thickness 
ratio.  
The pressure distribution curves as given by Minakuchi et al. [31] and obtained by 
MATLAB curve-fitting software are shown in Fig 3.4 for different thickness ratios. It 
presents a cumulative plot showing the variation of pressure distribution at the 
interfaces of the jointed beams with different thickness ratios. 
The surface stress (σs) is rewritten as the ratio between the axial load (P) and area 
under the connecting bolt head (A’) as shown in Fig 3.5 and is given by; 
              
2' 3s B
P P
RA
σ
pi
= =
                                                                                    (3.24)
 
 
 
 
Fig.3.5 Influence area under the bolt head 
Putting the value of σs in Eq. (3.23), the non-uniform intensity of pressure for 
thickness ratio 1.0 with point of separation (R/RB),  4.1 times the diameter of bolt is 
found to be; 
2
0.00806
3 B
Pp
Rpi
=
                                   
2h 1 1.0h =
                                      (3.25a) 
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Moreover, the intensity of pressure distribution for thickness ratio of 1.5 and 2.0 are 
evaluated as;
 
2
0.00640
3 B
Pp
Rpi
=
                                    
2h 1 1.5h =
                                    (3.25b) 
 
2
0.00280
3 B
Pp
Rpi
=
                                    
2h 1 2.0h =
                                    (3.25c) 
 
If T is the tightening torque applied on the connecting bolt, the axial load on the bolt 
(P) is given by Shigley [43] as; 
 
0.2 B
TP
D
=
                                                                                                             (3.26)
 
 
Putting this value of axial load in the Eqs. (3.25a), (3.25b) and (3.25c) we get; 
 
3
0.002140
B
Tp
R
=
    2h 1 1.0h =                                    (3.27a) 
3
0.001696
B
Tp
R
=
    2h 1 1.5h =
                                  (3.27b) 
3
0.0007427
B
Tp
R
=
    
2h 1 2.0h =
                                  (3.27c)
 
3.4.2 Energy dissipation due to friction and micro slip 
In structural members such as riveted and bolted; the joints are considered as the main 
source of energy dissipation. During transverse vibration, a jointed beam oscillates 
about its mean position in the transverse direction. Due to this relative motion, heat 
will also be generated at the interfaces, resulting in the energy loss. Sometimes 
friction produces defects in the structure, but in many place it can also be used for the 
enhancement of the damping property of the structure. 
Determination of energy dissipation per cycle of vibration for non-uniform 
pressure distribution   
The energy loss due to friction (Ef) at the interfaces for non-uniform interface is found 
by Nishiwaki et al. [39] to be; 
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2f r r rM r ME F du F u= =∫
                                                                               (3.28) 
where FrM and urM are the maximum frictional force and relative dynamic slip 
between the interfaces at the maximum amplitude of vibration as shown in Fig.3.6  
respectively. 
 
Fig.3.6 Relationship between the frictional force (Fr) 
and relative dynamic slip(ur) during one cycle. 
 
The maximum frictional force (FrM ) at the interfaces of the beam due to vibration is 
given by; 
rMF Nµ=
                                                                                                           (3.29) 
where µ  and N are the kinematics coefficient of friction and total normal force at the 
interfaces respectively. 
The normal force on an elemental circular strip of radius R and thickness dR is given 
by; 
2dN p dA p RdRpi= × =
 
Hence, the total normal force at the interfaces under each connecting bolt is given by; 
2
M
B
R
R
N pRdRpi= ∫
 
( ) ( ) ( ) ( ) ( )10 8 6 4 2 21 2 3 4 5 62 C C C C C C / 3M
B
R
B
B B B B BR
R R R R R P R RdRR R R R Rpi pi
 
 = + + + + + ×   
 
∫  
 
1 2 1 0
1 2
8 6
3 4
4 2
5 6
/ 3{ ( / 6 )[( / ) 1] ( / 5)[( / ) 1]
( / 4 )[( / ) 1] ( / 3)[( / ) 1]
( / 2 )[( / ) 1] [( / ) 1]}
M B M B
M B M B
M B M B
N P C R R C R R
C R R C R R
C R R C R R
⇒ = − + −
+ − + −
+ − + −
     
(3.30)
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where RM is the limiting radius of the influencing zone under each connecting bolt. 
The initial tension P is the total tightening force on the bolt with which the bolts are 
tightened to the beam layers. This total force is be expressed as, 
0.2 B
TP
D
=
 
Finally Eq. (3.28) for energy dissipation per cycle of vibration is obtained by putting 
the value of FrM and urM from Eq. (3.29) and (3.21) respectively, we get; 
1 2
12 ( ) ( ( ) ( , 0))
2f sum
E N h h X y lµ α λ = × +  
                                              (3.31) 
Simplifying the above Equation, we can rewrite the total energy loss due to friction 
as; 
1 2( ) ( , 0 )f sumE N h h X y lµα λ= +
                                                                  (3.32) 
3.4.3 Determination of logarithmic decrement (δ)  
Logarithmic damping decrement is used as a measure of damping capacity of a lightly 
damped structure and is influenced by relative dynamic slip and interface pressure at 
the surface of contact. The logarithmic damping decrement, δ, is usually expressed as 
the ratio between two consecutive amplitudes of a same cycle. This approach is 
generally used to estimate the damping capacity from the experiments in which the 
decay of amplitude is recorded from the storage oscilloscope signals. The logarithmic 
damping decrement is usually expressed as, 
   1
1 ln n
n
a
n a
δ
+
 
=  
                                                                                                        (3.33)
 
where,  an is the amplitude of vibration at nth cycle and an+1 is the amplitude of 
vibration at the (n+1)th cycle. 
In the present investigation for the theoretical evaluation of damping, the energy 
approach is used, because the logarithmic decrement is fundamentally equal to the 
energy loss per cycle of vibration. Nishiwaki et al. [38] have presented that the 
logarithmic decrement depends on both the energy loss (Eloss) and energy stored (Ene) 
in a system during one cycle of vibration. Thus, the logarithmic decrement is 
expressed as; 
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1 ( / )
2 loss ne
E Eδ =
                                                                                                    (3.34) 
The energy introduced into the layered and jointed cantilever beam in the form of 
strain energy per half-cycle of vibration is given by; 
 
( ) ( )3 23 , 0neE EI l y l=
                                                                                         (3.35)                                                                                        
Replacing 3EI/l3=k, i.e., the static bending stiffness of the layered and jointed beam, 
in Eq. (3.35), the energy introduced into the system can be written as; 
( )2 , 0neE ky l=
                                                                                                  (3.36) 
3.4.3.1 Logarithmic decrement (δ) for non-uniform pressure 
The energy loss (Eloss) in a structural system usually consists of the sum of the energy 
loss (Ef) due to friction at the joints and the energy loss (E0) due to the material and 
support of the structure itself. Therefore, the logarithmic decrement (δ) of a jointed 
cantilever beam is expressed as; 
0
0
1 1
2 2
f
f
ne ne
E E
E E
δ δ δ   = + = +   
   
                                                                               (3.37)
 
where δf  is the logarithmic damping decrement due to friction and δ0 the logarithmic 
damping decrement due to material and support of the structure. 
The energy loss may arise due to joints, material and support damping. However the 
main source that was assumed by researchers is the slip and friction at the joints, 
because the material and support damping value is much more less than the friction 
damping value. Therefore, the term δ0 in the above equation is neglected; the 
logarithmic decrement is theoretically evaluated from the energy loss arising from the 
friction only.  Due to this assumption Eq. (3.37) can be rewritten as; 
 
( / 2 )f f neE Eδ δ≈ =
                                                                                             (3.38) 
Finally substituting the values of Ef and Ene as presented in Eqs. (3.32) and (3.36), 
respectively, in Eq. (3.38), the logarithmic decrement is finally expressed as; 
 
1 2[ ( ) ]/ ( ,0)SUMN h h X ky lδ µα λ= +
                                                                            (3.39) 
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3.4.4 Determination of product of µα 
The energy dissipation depends upon many factors such as the thickness, width and 
the interface pressure of the beam. However it mainly depends upon the kinematic 
coefficient of friction (µ) and dynamic slip ratio (α) at the interfaces. Since it is very 
difficult to assess the damping produced in the joints due to variations of the above 
two vital parameters under dynamic loading conditions, their product (µα) is taken as 
a constant for a particular specimen irrespective of the surface condition. Thus, this 
product, µα, is found out modifying Eq. (3.39) for non-uniform interface pressure as 
given below; 
( )
1 2
, 0
( ) sum
ky l
N h h X
δµα λ= +
                                                                                      (3.40)
 
3.5 Theoretical analysis for bolted beam with uniform pressure 
distribution at the interfaces  
3.5.1 Determination of Uniform pressure distribution at the interface 
The interface pressure distribution under each bolt is assumed as a non-dimensional 
polynomial of parabolic shape for layered and jointed structures. In order to get 
uniform pressure distribution at the interfaces, the adjoining interface pressures are 
superimposed by reducing the distance between the centers of the consecutive bolts as 
shown in the Fig.3.7. The optimum distance between the consecutive bolts for 
attaining uniform pressure condition at the interface is found out using MATLAB 
software as given in Table 3.3 
 
Fig.3.7 Uniform pressure distribution of bolted joints by  
           reducing the distance between consecutive bolts 
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Table.3.3 Distance between the centers of two consecutive bolts at different 
thickness ratios for uniform pressure at the interfaces. 
Thickness ratio Ratio 
h2/h1=1.0 
Ratio 
h2/h1=1.5 
Ratio 
h2/h1=2.0 
Distance between 
consecutive bolts 
2.336*Dia.  
of bolt 
2.401*Dia.  
of bolt 
2.410*Dia.  
of bolt 
Putting the value of distance between two consecutive bolts from the above Table 3.3 
and the value of σs in the Eq. (3.23), the equation for thickness ratio 1.0 with point of 
separation 2.336 for uniform pressure is rewritten as; 
2
0.39474
3 B
Pp
Rpi
=
    2h 1 1.0h =
                                   (3.41a) 
The intensity of pressure distribution for thickness ratio of 1.5 and 2.0 are also 
evaluated as; 
2
0.40583
3 B
Pp
Rpi
=
    2h 1 1.5h =
                                  (3.41b) 
2
0.41156
3 B
Pp
Rpi
=
    2h 1 2.0h =
                                  (3.41c) 
Putting the value of axial load P from Eq. (3.26) in Eqs. (3.41a), (3.41b) and (3.41c), 
the final value of interface pressure for thickness ratio 1.0, 1.5 and 2.0 are rewritten 
as; 
3
0.10471
B
Tp
R
=
    2h 1 1.0h =
                                   (3.42a) 
3
0.10765
B
Tp
R
=
    2h 1 1.5h =                     (3.42b) 
3
0.10917
B
Tp
R
=
    2h 1 2.0h =
                                  (3.42c) 
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3.5.2 Determination of energy dissipation per cycle of vibration for uniform 
pressure distribution   
As discussed earlier, the energy is dissipated due to the relative dynamic slip at the 
interfaces in a jointed structure.  
For the above cantilever beam of length l and height 2h1+2h2 as shown in Fig. 3.2, the 
interface pressure at x is expressed as p(x) and the normal load acting on the length of dx 
is p(x)bdx, where b is the width of beam.  
Thus, the frictional force at the interfaces is given by; 
( )F p x bdxµ=
                                                                                                   (3.43) 
where µ is the coefficient of kinematic friction.  
By considering the condition that the interface pressure is uniformly spread all over the 
contact area, p(x) yields p. For the above cantilever beam with uniform pressure 
distribution at the interfaces, p, and the energy loss due to the frictional force at the 
interfaces per half-cycle of vibration is given by; 
( ){ }
0 0
,
n l
loss rE pb u x t t dxdt
pi ω
µ  = ∂ ∂ ∫ ∫
                                                             (3.44)
 
However, the energy introduced into the layered and jointed cantilever beam in the 
form of strain energy per half-cycle of vibration is given by; 
( ) ( )3 23 ,0neE EI l y l=
                                                                                          (3.45) 
where E, 31 2(2 2 ) /12I b h h= +  and y(l,0) are the modulus of elasticity, cross-sectional 
moment of inertia and transverse deflection at the free end of the beam, respectively.  
From the above equations (3.44) and (3.45), the ratio of energy is found to be; 
( ) ( ){ } ( ){ }3 21 2 0 0( ) 3 ,0 tan ,n lloss
ne
E bp h h EI l y l y x t x dxdt
E t
pi ωµ α ∂  = + ∂ ∂   ∂ ∫ ∫
       
  (3.46a)
 
The slope of the cantilever beam ( ),∂ ∂y x t x  being very small is modified as; 
( ) ( )tan( , ) ,y x t x y x t x∂ ∂ ∂ ∂≃ .Therefore, the ratio of energy can be rewritten as; 
( )
( ) ( ){ } ( )( ){ }21 23 2 0 0 ,3 ,0
n l
loss
ne
bp h hE y x t x t dxdt
E EI l y l
pi ωµ α + 
= ∂ ∂ ∂
 
 
∫ ∫                                 (3.46b) 
On integrating the equation (3.46b) and simplifying ratio of energy is found to be; 
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( )
( ) ( ){ } ( )1 23 2 ,03 ,0lossne
bp h hE y l
E EI l y l
µ α + 
=
 
 
                                                                    (3.46c) 
Finally ratio of energy is given by;  
( )
( ) ( )1 233 ,0lossne
bp h hE
E EI l y l
µ α +
=
                                                                                         (3.47) 
The damping capacity, ψ, is expressed as the ratio of energy dissipated due to the 
relative dynamic slip at the interfaces and the total energy introduced into the system 
and is found to be;  
( ) [ ]1 1loss loss ne ne lossE E E E Eψ  = + = +                                                                  (3.48) 
Replacing 3EI/l3=k, i.e., the static bending stiffness of the layered and jointed beam, 
the damping capacity is found out from expressions (3.47) and (3.48) as; 
( ) [ ]1 2
1
1 ,0 2 ( )ky l bp h hψ µ α= + +  
                                                                     (3.49) 
 
3.5.3 Logarithmic decrement (δ) for uniform pressure 
Assuming that the energy stored in the system is proportional to the square of the 
corresponding amplitude, the relationship between logarithmic damping decrement 
and damping capacity can be written as; 
( )1 1ln (1 )2δ ψ= −
                                                                                                   (3.50) 
Putting the expression of damping ratio in expression (3.50) and simplifying we get; 
1 21 2 ( )ln 1
2 ( ,0)
bp h h
ky l
µαδ  += + 
 
                                                                                (3.51) 
 
3.5.4 Determination of product of µα 
The product of µα is also assumed to be constant for uniform pressure distribution at 
the interfaces and is given by, 
     
( ) 2
1 2
,0 1
2 ( )
ky l e
bp h h
µα
δ 
− 
=
+
                                                                                                   (3.52) 
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3.6 Chapter summary 
This chapter gives a detailed solution for the parameters that are affecting the 
transverse vibration of a beam structure. In the present work Euler-Bernoulli beam 
theory is adopted. Further, the relative dynamic slip at the interfaces has been 
evaluated for both non-uniform and uniform pressures at the interface. Again the 
interface pressure distribution has been determined and same is found to be parabolic 
in nature [32, 50], being maximum at the bolt hole and decreasing gradually away 
from the bolt. Further, the logarithmic decrements, for both the uniform and non-
uniform interface pressure, in case of two and multilayered beams jointed with bolts, 
have been derived. Moreover, the damping capacity of cantilever beams with 
different thickness ratios has been evaluated theoretically. It is established that the 
damping capacity is mainly affected by various factors such as, thickness ratio, 
length, width of beam, diameter of bolt, interface pressure distribution, etc. 
Therefore, a detailed study on all the above vital parameters has been carried out in 
the present analysis. 
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CHAPTER-4 
EXPERIMENTAL ANALYSIS 
4.1 Introduction  
In the previous chapter, the classical approach is applied for predicting the damping in 
layered and bolted cantilever beams. In order to find out the damping capacity of 
jointed beams experimentally and compare it with the theoretical results, an 
experimental set-up with a number of specimens has been fabricated as shown in Figs  
4.1 to 4.4 with detailed instrumentation. The specimens are prepared from commercial 
mild steel flats by joining two and more numbers of layers with varying thickness 
ratios of 1.0, 1.5 and 2.0 by bolts as shown in Tables 4.1-Table 4.7. 
4.2 Preparation of specimens 
The test specimens of different sizes are prepared from the same stock of commercial 
mild steel flats as presented in Tables 4.1 to 4.7 for non-uniform and uniform pressure 
at the interfaces. Equi-spaced bolts of diameter 12 mm are used to fabricate two and 
multi layered specimens with different tightening torque. The tightening torque of 
bolts is varying from 3.46, 6.92, 10.38, 13.84, 17.3, 20.76, 24.22 and 27.68 Nm (i.e., 
2.50, 5.00, 7.50, 10.00, 12.50, 15.00, 17.50 and 20.00 lb ft respectively). For all non-
uniform interface pressure specimens, the distance between the consecutive bolts is so 
arranged that their influence zone just touches each other at the point of separation. 
Moreover for all uniform interface pressure specimens their influence zone overlaps 
with each other or reduced to attain uniform pressure. The width and length of the 
specimens are also interchanged with respect to the bolt diameter and beam thickness 
ratio as per the zone of influence.   
For considering non-uniform interface pressure, the distance between the centers of 
the consecutive bolts and the width of the beam are kept as 4.1, 4.8 and 5.5 times the 
diameter of the bolt for thickness ratios 1.0, 1.5 and 2.0, respectively. Again, for 
considering uniform interface pressure, the distance between the centers of the 
consecutive bolts and the width of the beam are kept as 2.336, 2.402 and 2.410 times 
the diameter of the bolt for thickness ratios 1.0, 1.5 and 2.0, respectively.  
The tightening torque on the bolts is kept uniform for a set of experiments. The 
cantilever beam lengths have been varied as per the zone of influence. Also the 
37 
 
diameters of bolt have been varied for different beam lengths. Photographs of two of 
the specimens used in the experiments are presented in Figs 4.1 and 4.2. 
 
Fig.4.1 Two layered mild steel bolted test specimen 
 
 
Fig.4.2 Four layered mild steel bolted test specimen 
Table.4.1. Details of mild steel bolted specimens for non-uniform pressure with 
thickness ratio 1.0  
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2)  (mm) 
Diameter of the 
connecting bolt 
 (mm) 
Number of 
bolts  
Used 
Length 
of beam 
(mm) 
 49.2 ×(2+2) 
 
12 
 
 
6 
7 
8 
295.2 
344.4 
393.6 
       2 49.2 × (3+3) 12 6 
7 
8 
295.2                 
344.4           
393.6 
 49.2 × (4+4) 12 6 
7 
8 
295.2            
344.4           
393.6 
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Table.4.2. Details of mild steel bolted specimens for non-uniform pressure with 
thickness ratio 1.5  
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2)  (mm) 
Diameter of the 
connecting bolt 
(mm) 
Number of 
bolts used 
Length of 
beam 
(mm) 
2 57.6 × (2+3) 12 6 
7 
8 
345.6         
403.2         
460.8 
 57.6 × (3+4.5) 12 6 
7 
8 
345.6         
403.2         
460.8 
 57.6× (4+6) 12 6 
7 
8 
345.6            
403.2         
460.8 
 
Table.4.3. Details of mild steel bolted specimens for non-uniform pressure with 
thickness ratio 2.0  
No of 
layers 
Dimension of the 
Specimen 
width×(2h1+2h2) (mm) 
Diameter of the 
connecting bolt 
(mm) 
Number of 
bolts used 
Length 
of beam 
(mm) 
   2 66 × (2+4) 12 6 
7 
8 
396 
462 
528 
 66 × (3+6) 12 6 
7 
8 
396 
462 
528 
 66 × (4+8) 12 6 
7 
8 
396 
462 
528 
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Table.4.4. Details of mild steel bolted two layers specimens for uniform pressure with 
thickness ratio 1.0 
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2) (mm) 
Diameter of the 
connecting bolt 
(mm) 
Number of 
bolts used 
Length of 
beam 
(mm) 
2 28.036× (2+2) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
 28.036× (3+3) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
 28.036× (4+4) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
 
Table.4.5. Details of mild steel bolted multi-layered specimens for uniform pressure 
with thickness ratio 1.0 
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2) (mm) 
Diameter of 
the connecting 
bolt (mm) 
Number of 
bolts used 
Length of 
beam 
(mm) 
3 28.036× (2+2+2) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
 28.036× (3+3+3) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
      28.036× (2+2+2+2) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
4    28.036× (3+3+3+3) 
 
12 
 
13 
12 
11 
364.468 
336.432 
308.396 
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Table.4.6. Details of mild steel bolted specimens for uniform pressure with thickness 
ratio 1.5  
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2) (mm) 
Diameter of 
the connecting 
bolt (mm) 
Number of 
bolts used 
Length of 
beam (mm) 
 28.812× (2+3) 
 
12 
 
13 
12 
11 
374.556 
345.744 
316.932 
         2    28.812× (3+4.5) 
 
12 
 
13 
12 
11 
374.556 
345.744 
316.932 
 28.824× (4+6) 
 
12 
 
13 
12 
11 
374.556 
345.744 
316.932 
 
Table.4.7. Details of mild steel bolted specimens for uniform pressure with thickness 
ratio 2.0  
No of 
layers 
Dimension of the 
specimen 
width×(2h1+2h2) (mm) 
Diameter of 
the connecting 
bolt (mm) 
Number of 
bolts used 
Length of 
beam (mm) 
 
2 
28.92× (2+4) 
 
12 
12 
12 
13 
12 
11 
375.96 
347.04 
318.12 
 28.92× (3+6) 
 
12 
12 
12 
13 
12 
11 
375.96 
347.04 
318.12 
 
4.3 Description of the experimental set-up 
The schematic of the experimental set-up with the detailed instrumentation and 
photographic views are shown in Figs 4.3 and 4.4, respectively. The set-up consists of 
welded fabricated structure of steel channels. The frame is grouted on a heavy and 
rigid concrete base by means of foundation bolts. The frame has the provision of 
slotted guide ways to hold the beams of different lengths. The photographic view of 
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the experimental set-up with clamping arrangement at the base of cantilever beam and 
the photographic view of the experimental set up with spring loaded exciter and dial 
gauge arrangement are shown in Figs 4.5 and 4.6 respectively.  
 
 
Fig.4.3 Schematic of the experimental set-up 
 
The frame has the provision at both the sides to hold the cantilever beam specimens 
tightly and rigidly in order to ensure perfect cantilever condition. The beam specimen 
can be clamped with the help of a screw jack type vice. The base plate and the handle 
of the clamp prevent the rotation of the specimens while applying load at the fixed 
end. For initiating the vibration at the free end of the specimens with low amplitudes a 
spring loaded exciter is used. One dial gauge is attached to the frame which is used to 
calibrate the reading of the initial amplitudes of excitation. The dial gauge is mounted 
to a vertical stand with a magnetic base. A contacting type of vibration pick-up is 
attached to the beam, which senses the free vibration of the specimen and the 
corresponding signal is fed to a digital storage oscilloscope to obtain a steady signal. 
The logarithmic damping decrement is then evaluated from the stored amplitudes of 
the digital storage oscilloscope. 
42 
 
 
Fig.4.4 Photographic view of the experimental set-up 
 
 
 
Fig. 4.5 Side view of experimental setup  
            showing clamping arrangement     
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Fig. 4.6 Photographic view of the spring loaded exciter 
with a dial gauge 
 
The experimental set up consists of instruments, such as; 
 Digital storage oscilloscope 
 Contacting type vibration pick-up 
 Dial gauge 
 Distributor box 
Digital storage oscilloscope 
 
Fig.4.7 Digital storage oscilloscope 
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A digital storage oscilloscope is a type of electronic instrument which is used for 
processing and displaying vibration signals. As shown in Fig. 4.5, a digital 
oscilloscope contains various input connectors, control buttons on the panel to adjust 
the instrument to get the exact value of signals. The signal to be measured is fed to 
one of the connectors. It plots a two dimensional graph of the time history curve. 
Specifications: 
Tektronix 4000 series 
DPO 4000 series Oscilloscope 
Input Voltage: 100 V to 240 V ± 10% 
Input Power Frequency: 47 Hz to 66 Hz (100 V to 240 V) 
                                        400 Hz (100 V to 132 V) 
Power Consumption: 250 W maximum 
Weight: 5 kg (11 lbs), standalone instrument 
Clearance: 51 mm (2 in) 
Temperature  
Operating Temperature: 0 to 50 0C 
Humidity 
Operating Humidity: High: 40 to 50 0C, 10 to 60% RH 
Operating Humidity: Low: 0 to 40 0C, 10 to 90% RH 
Altitude 
Operating: 3000 m (about 10,000 ft) 
Non-operating: 12,192m (40000 ft) 
Random Vibration 
Operating: 0.31 GRMS, 5 – 500 Hz, 10 minutes per axis, 3 axes (30 minutes total) 
Non-operating: 2.46 GRMS, 5-500Hz, 10 minutes per axes, 3 axes (30 minutes total) 
Pollution Degree: 2, Indoor use only 
Contacting type vibration pick-up 
 
Fig.4.8 Contact type vibration pick-up 
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The vibration pick-up is a device that transforms the mechanical quantities, such as 
displacement, velocity or acceleration into electrical quantities, such as voltage or 
current. These are of various types such as contacting and non-contacting type. In the 
present work contacting type vibration pick-up is used. One end of the accelerometer 
is a magnetic base which is attached to the vibrating surface and the other end is 
connected to the first connector port of the storage oscilloscope. The accelerometer 
used in the experiments is shown in Fig 4.6. 
Specifications:- 
 Type: - MV-2000.  
 Dynamic frequency range: - 2 c/s to 1000 c/s  
 Vibration amplitude: - ±1.5 mm max.  
 Coil resistance: - 1000Ω  
 Operating temperature: - 10ċ to 40 ċ  
 Mounting: - by magnet  
 Dimensions: - cylindrical Length:-45 mm Diameter: - 19 mm  
 Weight: - 150 grams 
Dial gauge       
 
 
 
Fig.4.9 Dial gauge mounted on a stand with magnetic base 
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Dial gauge instruments are used for accurate measurement of a small distance. They 
may also be known as a Dial test indicator (DTI), or as a “clock”. They are named so 
because the measurement results are displayed in a magnified way by means of a dial. 
Dial indicator may be used to check the variation in tolerance during the inspection 
process of a machined part, measure the deflection of a beam under dynamic loading 
conditions, as well as many other situations where a small measurement needs to be 
indicated. The dial gauge, as shown in Fig 4.7, is shock proof and can measure the 
amplitude of excitation in the range of 0.01 to 20 mm. 
Distributor box 
A distribution box supplies the AC power to the storage oscilloscope at a voltage and 
frequency of 230V and 50Hz, respectively.  
4.4 Testing procedure 
In order to find out the damping capacity of jointed beams experimentally and 
compare it with the theoretical results, an experimental set-up has been fabricated. For 
this, experiments have been conducted on the prepared specimens. Various 
measurement techniques have been used for the calculation of Young’s modulus of 
elasticity, static bending stiffness and theoretical logarithmic decrement. 
4.4.1 Measurement of  Young’s modulus of elasticity 
The Young’s modulus of elasticity (E) of the specimen material is found out by 
conducting static deflection tests. For this purpose, few samples of solid specimen 
beams are selected from the same stock of mild steel flats. These specimens are 
mounted on the same experimental set-up rigidly so as to ensure perfect boundary 
conditions for cantilever beam. Static loads (W) are applied at the free end and the 
corresponding deflections (∆) are recorded. The Young’s modulus for the specimen 
material is then determined using the expression E=WL3/ 3I∆, where L and I are the 
free length and moment of inertia of the cantilever specimen. The average of some 
readings is recorded from the tests from which the average value of Young’s modulus 
is evaluated and is found to be 198.2 GN/m2 for mild steel specimens. 
4.4.2 Measurement of static bending stiffness 
The stiffness of a bolted joint beam is less than the stiffness of a solid beam. This 
means that the stiffness of the beam used is decreased due to joints present in the 
structure. The reduction in the stiffness of the structure is also called stiffness ratio. 
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This can be represented as the ratio of stiffness of jointed beam to that of the solid 
beam. The value of stiffness ratio is much more important for the actual calculation of 
logarithmic damping decrement. The same static deflection tests are conducted as in 
case of Young’s modulus to measure the actual stiffness (k) of a jointed specimen 
using the relation k=W/∆. However, the stiffness of an identical solid cantilever mild 
steel beam is theoretically calculated from the expression k’=3EI/L3. The average 
values of the stiffness ratios for two layered cantilever beams jointed with bolts has 
been calculated by using the above two expressions. Further, the stiffness ratio of 
multi-layered jointed beams has been calculated in the similar manner as in case of 
two layered ones for thickness ratio 1.0. 
4.4.3 Measurement of logarithmic damping decrement (δ) 
After finding out the Young’s modulus and static bending stiffness of the specimen, 
tests are conducted for evaluating the logarithmic damping decrement. The specimens 
are rigidly mounted to the support in order to obtain perfect cantilever condition. This 
further ensures that any loss due to support, etc. is neglected and the damping in the 
system is owing to the jointed effect of the specimens. 
First of all a spring loaded exciter is used to excite the specimen at the free ends. The 
excitation is given in a range of 0.1 to 0.5 mm amplitude. At the starting the beam is 
deflected and released to oscillate at its first mode of vibration. A contacting type 
vibration pick-up is attached to the beam gives the response of the beam when it is 
vibrating. The vibration pick-up is magnetically attached to the free end of the 
specimen and the other end is connected to the storage oscilloscope port. This output 
signal is fed to a digital storage oscilloscope for processing and display. The data is 
then analyzed to determine the natural frequency and damping characteristics of the 
beam structure. The signal displayed on the screen of the storage oscilloscope 
indicates the energy dissipation and it gradually decreases with time. 
The response of the specimen is taken from the digital storage oscilloscope and it is 
used for the estimation of the logarithmic damping decrement by using the expression 
1
1 ln n
n
a
an
δ
+
 
=  
 
, where an, an+1 and n are the recorded values of the amplitude of the 
first cycle, last cycle and number of cycles, respectively. For same tightening torque 
the experiment is repeated for five times by changing the amplitude of excitation.  
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The connecting members of the test specimen are prepared in such a manner that they 
are flat with perfect contact at the interface. Accurate tightening torque has been 
applied on each bolt in order to ensure identical pressure distribution at the interface 
of the specimens.  
4.5 Experimental evaluation of  µα 
Damping capacity of a structure depends on various factors. The kinematic coefficient 
of friction (µ) and dynamic slip ratio (α) are two vital parameters which affect the 
energy dissipation of the structure. Normally with the increase in dynamic slip at the 
interfaces the coefficient of friction decreases and vice versa. It is very difficult to 
find out the exact value of the individual parameters at a particular condition of 
excitation under dynamic loading. Therefore, it is convenient to take the product µα as 
a single parameter from the experimental results and use it for theoretical calculations 
for other conditions of a particular beam specimen under a particular condition of 
vibration irrespective of its surface roughness.  
Due to the above reason the product of µα has been determined from the experimental 
results of logarithmic decrement of a two layered bolted beam.  By taking the values 
of the product µα for different frequencies graphs are plotted. These graphs are further 
used for the theoretical evaluation of logarithmic decrements of layered and jointed 
beams of different specification and conditions of excitation using Eq. (3.40) and 
(3.52) for classical methods, for non-uniform and uniform pressure at the interface 
respectively. Figs 4.8 to 4.13 show variations of µα with different tightening torque of 
different beams. These graphs are further used to calculate the theoretical values of 
logarithmic decrement of various specimens. 
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Fig.4.10 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 1.0 at different initial amplitudes of excitation (y) for non-
uniform interface pressure  
 
Fig.4.11 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 1.5 at different initial amplitudes of excitation (y) for non-
uniform interface pressure  
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Fig.4.12 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 2.0 at different initial amplitudes of excitation (y) for non-
uniform interface pressure  
 
Fig.4.13 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 1.0 at different initial amplitudes of excitation (y) for 
uniform interface pressure  
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Fig.4.14 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 1.5 at different initial amplitudes of excitation (y) for 
uniform interface pressure  
 
 
Fig.4.15 Variation of µα with Natural frequency of vibration for mild steel specimens 
with beam thickness ratio 2.0 at different initial amplitudes of excitation (y) for 
uniform interface pressure  
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4.6 Chapter summary 
This chapter describes the detail of the experimental set-up, instrumentation, sample 
preparation and different testing methods that are used for the measurement of 
Young’s modulus of elasticity, static bending stiffness and damping capacity of the 
specimens. The actually measured logarithmic damping decrement deviates from the 
theoretically computed damping capacity of a structure due to assumptions made in 
the theoretical analysis. For different set of layered and bolted mild steel specimens 
experimental results are measured in terms of logarithmic decrement using the time 
signals with the help of a storage oscilloscope. The same results are compared with 
the corresponding numerical values obtained in chapter-3 for establishing the 
authenticity of the theory developed. These comparative results are presented in 
graphical forms in chapter-5. 
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CHAPTER-5 
RESULTS AND DISCUSSION 
In order to authenticate the theory developed for damping capacity of jointed beams 
with various thickness ratios and bolted joints, experiments are conducted as outlined 
in the previous chapter and the results are compared with the theoretical ones by 
plotting the graphs.  
The logarithmic damping decrements are found out numerically from Eq. (3.39) and 
Eq. (3.51) for non-uniform and uniform pressure distribution respectively using the 
values of the product of dynamic slip ratio and kinematic co-efficient of friction 
determined from the graphs as shown in Fig 4.8 to Fig 4.13 at different natural 
frequencies of vibration and initial amplitude of excitation. These numerical as well 
as the corresponding experimental results are plotted as solid (——) and dotted lines 
(------) respectively for comparison as shown in Figs. 5.1 to Fig 5.19. It is observed 
that both the curves are in good agreement with a maximum variation of 10.4% which 
shows the authenticity of the theoretical analysis.  
 
Fig.5.1 Variation of logarithmic decrement with applied tightening torque of  
(2+2)×49.2 mm cross-section beam with length 393.6 mm at different amplitude of 
excitation with thickness ratio 1.0 for non-uniform pressure at the interface. 
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Fig.5.2 Variation of logarithmic decrement with applied tightening torque of  
(2+3)×57.6 mm cross-section beam with length 460.8 mm at different amplitude of 
excitation with thickness ratio 1.5 for non-uniform pressure at the interface. 
 
 
Fig.5.3 Variation of logarithmic decrement with applied tightening torque of  
(2+4)×66 mm cross-section beam with length 462 mm at different amplitude of 
excitation with thickness ratio 2.0 for non-uniform pressure at the interface. 
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Fig.5.4 Variation of logarithmic decrement with applied tightening torque of  
(3+3)×28.032 mm cross-section beam with length 364.416 mm at different amplitude 
of excitation with thickness ratio 1.0 for uniform pressure at the interface. 
 
 
 Fig.5.5 Variation of logarithmic decrement with applied tightening torque of 
(2+3)×28.812 mm cross-section beam with length 374.556 mm at different amplitude 
of excitation with thickness ratio 1.5 for uniform pressure at the interface. 
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Fig.5.6 Variation of logarithmic decrement with applied tightening torque of  
(3+6)×28.92 mm cross-section beam with length 375.96 mm at different amplitude of 
excitation with thickness ratio 2.0 for uniform pressure at the interface. 
 
Fig.5.7 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 1.0 for non-uniform interface pressure with 
beam length 344.4 mm and thickness (3+3)×49.2 mm  having bolt diameter 12 mm at 
2.5 lb ft  tightening torque. 
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Fig.5.8 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 1.5 for non-uniform interface pressure with 
beam length 403.2 mm and thickness (3+4.5)×57.6 mm  having bolt diameter 12 mm 
at 5 lb ft tightening torque 
 
 
Fig.5.9 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 2.0 for non-uniform interface pressure with 
beam length 528 mm and thickness (2+4)×66 mm  having bolt diameter 12 mm at 10 
lb ft tightening torque 
58 
 
 
Fig.5.10 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 1.0 for uniform interface pressure with beam 
length 364.416 mm and thickness (2+2)×28.032 mm  having bolt diameter 12 mm at 
5 lb ft tightening torque 
 
Fig.5.11 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 1.5 for uniform interface pressure with beam 
length 374.556 mm and thickness (3+4.5)×28.812 mm  having bolt diameter 12 mm 
at 5 lb ft tightening torque 
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Fig.5.12 Variation of logarithmic decrement with initial amplitude of excitation for 
mild steel specimen of  thickness ratio 2.0 for uniform interface pressure with beam 
length 375.96 mm and thickness (2+4)×28.92 mm  having bolt diameter 12 mm at 2.5 
lb ft tightening torque 
 
Fig.5.13 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (3+3)×49.2 mm at 0.3 amplitude of excitation with thickness ratio 1.0 
for non-uniform interface pressure at  2.5 lb ft tightening torque 
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Fig.5.14 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (3+4.5)×57.6 mm at 0.1 amplitude of excitation with thickness ratio 1.5 
for non-uniform interface pressure at  2.5 lb ft tightening torque 
 
 
Fig.5.15 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (2+4)×66 mm at 0.5 amplitude of excitation with thickness ratio 2.0 for 
non-uniform interface pressure at  10 lb ft tightening torque 
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Fig.5.16 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (3+3)×28.032 mm at 0.1 amplitude of excitation with thickness ratio 1.0 
for uniform interface pressure at  5 lb ft tightening torque 
 
 
Fig.5.17 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (2+3)×28.812 mm at 0.1 amplitude of excitation with thickness ratio 1.5 
for uniform interface pressure at  2.5 lb ft tightening torque 
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Fig.5.18 Variation of logarithmic decrement with length of mild steel specimens of 
cross-section (2+4)×28.92 mm at 0.1 amplitude of excitation with thickness ratio 2.0 
for uniform interface pressure at  2.5 lb ft tightening torque 
 
 
Fig.5.19 Variation of logarithmic decrement with number of layers for uniform 
interface pressure with thickness 2h=2 mm and length of beam is 364.416 mm of 
thickness ratio 1.0 
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From the theoretical analysis and experimental results the following salient points 
have been observed as detailed below.  
1. It is established that the interface pressure distribution between the contacting 
layers jointed by connecting bolts is not uniform but parabolic in nature being 
maximum at the surface of the bolt hole and gradually decreases towards the 
circumference. The distance between the consecutive bolts is 4.10, 4.8 and 5.5 
times of the diameter of bolt for thickness ratio 1.0, 1.5 and 2.0 respectively for 
non-uniform pressure distribution. For attaining uniform pressure distribution at 
the interface the adjoining interface pressure distributions are superimposed by 
reducing the distance between the consecutive bolts. The optimum distance is 
found out using MATLAB software as 2.336, 2.401 and 2.410 times the diameter 
of the bolts for thickness ratios of 1.0, 1.5 and 2.0 respectively. Due to excitation, 
relative motion, termed as micro-slip, occurs at the interfaces of the connecting 
members. The energy dissipation depends on the dynamic slip and friction force 
and is greatly influenced by the interface pressure distribution at the contact 
surfaces around a connecting bolt. 
2. The logarithmic damping decrement decreases with increase in tightening torque 
on the connecting bolts as evident from the Fig 5.1 to Fig 5.6. The increase in 
tightening torque increases the axial load on the bolt and reduces the relative 
dynamic slip at the interfaces, thereby tending the jointed beam to behave like a 
solid one. Although the normal force at the interfaces increases, the net effect is a 
decrease in the logarithmic damping decrement of the layered and jointed beam 
because of reduced dynamic slip at the interfaces.  
3. The logarithmic damping decrement increases with increase in initial amplitude of 
excitation as evident from Fig 5.7 to Fig 5.12. The increase in amplitude of 
excitation enhances the dynamic slip ratio at the interfaces. Although the strain 
energy introduced in to the system increases, the net effect is an increase in the 
logarithmic damping decrement of the jointed cantilever beam due to higher slip 
at the interfaces. 
4. The length of the beam is another vital parameter that affects the damping 
capacity of the structures. The logarithmic damping decrement increases with an 
increase in length of the beam specimen as shown in Fig 5.13 to Fig 5.18. The 
increase in cantilever length reduces the static bending stiffness (k = 3EI/l3) and 
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also the strain energy introduced into the system, thereby increasing the damping 
capacity of the layered and jointed cantilever beams.  
5. The logarithmic damping decrement decreases with increase in frequency of 
vibration as shown in Fig 4.8 to Fig 4.13. The product of µα increases with the 
increase in frequency of vibration but the input strain energy increases due to 
higher strain energy input. The increase in frequency of vibration is associated 
with the enhancement of static bending stiffness   [f = (1/2π) (k/m)1/2] which 
enhances the input strain energy into the system, thereby reduces the logarithmic 
damping decrement. 
6. The logarithmic damping decrement decreases with increase in thickness ratio of 
the beam as shown in Fig 5.7 to Fig 5.18. As the interfacial pressure distribution 
influencing the damping capacity changes with thickness ratio, the damping 
capacity of the cantilever beams changes accordingly. The lower thickness ratio 
contributes more damping capacity to the structures. 
7. The stiffness of a jointed beam reduces with the incorporation of joints and layers. 
It is observed that the ratio of the stiffness of a jointed beam to that of an identical 
solid one is always less than one. The stiffness ratio has been calculated by 
carrying out the static deflection tests and is found to be decreasing with the 
increase in number of layers. The damping capacity of multilayered and jointed 
beams is more due to enhanced frictional energy loss and reduced input strain 
energy as shown in Fig 5.19. 
8. The interface pressure between the contacting layers jointed by connecting bolts is 
not uniform but parabolic in nature being maximum at the surface of the bolt hole 
and gradually reduces towards the circumference. The optimum distance between 
the consecutive bolts for attaining uniform intensity of interface pressure 
distribution has also been found out. The damping capacity of the layered and 
jointed cantilever beams with uniform interface pressure is more than the beams 
of non-uniform pressure distribution due to higher interface pressure. For 
example, the logarithmic decrement for uniform pressure distribution beam is 
found to be 285% more compared to non-uniform pressure beam for a particular 
case. Therefore, the uniformly distributed beams contribute more damping 
compared to that of the non-uniform beams. 
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                                   CHAPTER-6 
CONCLUSIONS AND SCOPE FOR FURTHER RESEARCH 
WORK 
The aim of the present research work is to estimate and improve the damping capacity 
of layered and jointed bolted structures. The theoretical and experimental analyses 
have been carried out in chapters 3 and 4 respectively. Further, the results are 
discussed in chapter-5 for both non-uniform and uniform interface pressure. The 
present chapter summarizes the important conclusions drawn from the theoretical 
analysis and experimental results.  
Conclusion 
As established, the damping capacity of the dynamically loaded structures mainly 
depends upon the joints or fasteners present in the structure. The maximum energy 
dissipation takes place due to the friction and the micro-slip at the interfaces. The 
damping of jointed bolted structures has been studied theoretically considering the 
energy approach due to friction and the dynamic slip at the contacting layers. Further, 
the theoretical results obtained have been authenticated by conducting extensive 
experiments. From the discussions elaborated in the previous chapter, it is found that 
the damping of layered and bolted structures can be enhanced by the appropriate 
selection of the following influencing parameters: (a) tightening torque on each bolt, 
(b) amplitude of excitation, (c) length of specimens, (d) natural frequency, (e) 
thickness ratio, and (f) thickness of beam specimen, etc. Finally, useful conclusions 
have been drawn from both the theoretical and experimental results as presented 
below. 
The damping capacity of a layered bolted beam increases with: 
 Decrease in tightening torque. 
 Increase in initial amplitude of excitation. 
 Increase in length of the beam. 
 Decrease in frequency of vibration. 
 Decrease in thickness ratio. 
 Increase in numbers of layer. 
It is estimated from the present investigation that the maximum variation of 
experimental results with the corresponding values from the classical results is 10.46% 
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for mild steel specimens. This establishes the authenticity of the theory developed and 
the techniques used for evaluating the logarithmic decrement in layered and jointed 
structures. This design concept can be effectively used by the manufacturers to 
fabricate the layered structures jointed with bolts in real applications such as in 
aerospace, machine structures, construction of bridges, locomotives, etc. depending 
upon the damping requirements.  
Scope for Further Research 
The present work is based on estimating the damping capacity of layered and jointed 
bolted structures with various thickness ratios. Moreover, the various vital parameters 
affecting the damping characteristics of layered and jointed bolted structures have 
been discussed in details. However, the present study can be extended for further 
research as pointed out below. 
 Timoshenko beam theory can be used for analysis of logarithmic decrement 
instead of using Euler-Bernoulli beam theory. 
 The same analysis can be used for other boundary conditions such as fixed-
fixed, fixed-supported, supported-supported, etc. 
 Forced vibration or higher modes of vibration can be used in the analysis. 
 Frequency domain (FRF) analysis can be employed. 
 The same can be used for layered and jointed beams of dissimilar materials. 
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